Abstract. We construct a spectral sequence converging to the cohomology with compact support of the m-th contact locus of a complex polynomial. The first page is explicitly described in terms of a log resolution and coincides with the first page of McLean's spectral sequence converging to the Floer cohomology of the m-th iterate of the monodromy, when the polynomial has an isolated singularity. Inspired by this connection, we conjecture that if two germs of holomorphic functions are embedded topologically equivalent, then the Milnor fibers of the their tangent cones are homotopy equivalent.
Introduction and main results
The motivation for this note comes from a question of Seidel, and a subsequent question by McLean. In [4] Denef and Loeser proved that the Euler characteristic of the contact loci of a complex polynomial f coincides with the Lefschetz number of the m-th iterate of the monodromy of f . It was observed by Seidel that this in turn coincides with the Euler characteristic of the Floer cohomology of the same monodromy iterate, in case f has an isolated singularity, and motivated him to ask what is the relation between the cohomology of the m-th contact locus and the Floer cohomology of the m-th iterate of the monodromy. McLean [10] constructed a spectral sequence converging to the Floer cohomology of the m-th iterate of the monodromy of f , whose first page is completely described in terms of a log resolution of f , and asked if there is a similar spectral sequence converging to the cohomology of the m-th contact locus of f . Our main result is an affirmative answer to this question, if one takes compactly supported cohomology for the contact locus.
It is natural to conjecture that the Floer cohomology of the m-th iterate of the monodromy of f is isomorphic to the compactly supported cohomology of the m-th contact locus of f , and that this isomorphism comes from an isomorphism of McLean spectral sequence with ours. Besides giving very different interpretations of the same object, if true, our conjecture would endow Floer cohomology of the m-th iterate of the monodromy with a mixed Hodge structure, and would show that McLean's spectral sequence satisfies the same non-trivial degeneration properties as our spectral sequence.
The conjecture is true if m is the multiplicity of an isolated hypersurface singularity. Inspired by this observation, we conjecture also that if two germs of holomorphic functions are embedded topologically equivalent, then the Milnor fibers of their tangent cones are homotopy equivalent.
To state the main result, let X be a smooth complex algebraic variety of dimension d. For each m ≥ 0, the m-th jet scheme L m (X) of X is the variety parametrizing morphisms
of schemes over C. We denote by γ(0) the center of a jet γ, that is, the image in X of the closed point of Spec C[t]/(t m+1 ). Let f : X → C be a non-invertible regular function. For a jet γ ∈ L m (X) we denote by f (γ) the truncated power series given by the image of s under the morphism of C-algebras
corresponding to the composition f • γ. Fix a non-empty Zariski closed subset Σ in X 0 = f −1 (0). The m-th (restricted) contact locus of f is defined to be
For this to be non-empty, we assume that m > 0. Let h : Y → X be a log resolution of (f, Σ), that is, a proper morphism from a smooth variety Y such that E = h −1 (X 0 ) and h −1 (Σ) are divisors with simple normal crossings and the restriction h : Y \ E → X \ X 0 is an isomorphism. We denote by E i with i in S, the irreducible components of E. We define
where K Y /X is the relative canonical divisor defined by the vanishing of det dh.
We assume that h is m-separating, that is,
By Lemma 2.8 below, such a log resolution always exists. We set
and
for each i ∈ S m . Fix a tuple of integers w = (w i ) i∈S with w i ≥ 0 such that the divisor
is relatively very ample for h. We can, and we will assume, that w i = 0 if E i is not an exceptional divisor. For an integer p, we let
Then there exists an unramified cyclic coverẼ
where
with y i a local equation for E i and u an invertible regular function on U.
Our main result is the following: Theorem 1.1. Let f : X → C be a non-invertible regular function on a smooth variety X of dimension d. Let Σ be a non-empty closed subset of f −1 (0), m > 0 an integer, and h : Y → X an m-separating log resolution of (f, Σ). Then there is a cohomological spectral sequence
converging to the cohomology with compact support of the m-th contact locus of f . Proposition 1.2. After tensoring with Q, only the first d pages of the spectral sequence {E r , d r } r≥1 can contain non-zero differentials.
In the case that f is a product of linear polynomials on X = C d , it will be shown in [2] that the spectral sequence degenerates at E 1 . 
converging to the Floer cohomology of the m-th iterate of the monodromy φ on the Milnor fiber of f . We note that E 1 in this case differs from ′ E 1 by a (2dm + d − 1)-shift in the total degree p + q, hence up to relabelling, the two pages are the same.
and f has an isolated singularity Σ = {x}, the two spectral
are isomorphic, and
The conjecture is true if m is the multiplicity of f at the singularity. More generally:
. . be a polynomial in d variables vanishing at the origin, where f i are the homogeneous components of degree i, and m > 0 is the multiplicity of f at the origin. Let Σ = {0}. Then,
where F ≃ {f m = 1} is the Milnor fiber at the origin of the initial form f m of f . If in addition f has an isolated singularity at the origin, then also
Recall that Zariski's Problem A, the multiplicity conjecture, states that the multiplicity is an embedded topological invariant of a hypersurface singularity. On the other hand, Zariski's Problem B, see [12] , has counterexamples: there exist embedded topologically equivalent hypersurface singularities (even in families) such that the topology of the tangent cones changes drastically, see [7, 1] . However, inspired by Proposition 1.5, we observed that in all these examples the homology of the Milnor fiber of the tangent cone stays the same. Therefore we dare to conjecture that the same is true in general:
be two germs of holomorphic functions. If f and g are embedded topologically equivalent, then the Milnor fibers of their initial forms are homotopy equivalent.
Proof of the main results
We denote by L(X) the space of arcs on X. Recall that an arc on X is a morphism
the truncation morphisms, for 0 ≤ m ≤ l. We let from now on
For an arc γ on X, let γ(0) := π 0 (γ) denote the center of γ, that is, the image of the closed point of Spec C[[t]] under γ, and by f (γ)(t) we denote the power series associated to the composition f • γ.
If γ ∈ X ∞ m , then clearly f red (γ)(t) = 0, that is, the generic point of the arc γ lies in X \ X 0 . Thus, by the valuative criterion of properness for the map h : Y → X, there exists a unique lifting of γ to an arcγ of Y . We define
There is a decomposition into mutually disjoint subsets
Proof. If γ is in X ∞ m ,γ(0) must lie in some E i with i ∈ A. Ifγ(0) lies also in E j for some j ∈ S with i = j, thenγ(0) ∈ E i ∩ E j and so E i ∩ E j = 0. Since the resolution is m-separating, m i + m j > m. Hence γ has contact order ≥ m i + m j > m with f , which is a contradiction. Thusγ(0) ∈ E • i and the disjoint decomposition follows. Equivalently, the decomposition follows from [6, Theorem A], by noting that
in the notation of loc. cit., where
is the induced map on arc spaces, µ = (µ j ) j∈S with µ j = 0 if j = i and µ i = k i , and
Moreover h ∞ (Cont µ (E)) is a constructible cylinder in L(X) by loc. cit., and hence X ∞ m,i is also a constructible cylinder. Let now l be a positive integer so that each X ∞ m,i with i in S m is the pull-back of a constructible subset of L l (X). We let
We construct a filtration
For an integer p, we let
We 
Since −W = i∈S w i E i is an effective divisor, O Y (W ) is a sheaf of ideals of O Y . One has thus an ideal of regular functions on X
If γ is an arc on X not completely lying in X 0 , then its liftγ to an arc of Y satisfies
is generated by its global sections. Then the set F p X ∞ m can be expressed as
Remark 2.4. One can determine a precise lower-bound for l from m, m i , and w i , similarly to Remark 2.2. From now on we fix l as in Lemma 2.3. Fix a local section of the truncation morphism π l : L(X) → L l (X) in a neighborhood of γ. Via this section, we view now γ as an arc on X, and thus α defines a complex analytic surface germ, i.e. a wedge,
which defines the meromorphic map β. Since the liftingα 0 of α 0 has centerα 0 (0) ∈ E
• j , and the liftingα s of α s has centerα s (0) ∈ E • i for all s = 0, the map β has indeterminacy that can be resolved by a sequence of blow ups:
be the total transform of L 0 under σ, whereL 0 is the strict transform of L 0 . For s = 0, L s does not meet the origin, and so σ * L s =L s . The composition
gives by definition a rational equivalence between the cycles determined by its fibers. Hence the cycles σ * L s and σ * L 0 are rationally equivalent for any s. As a consequence we have an equality of intersection products
Note that,β * W is supported on the exceptional divisor F , since W is supported on the exceptional divisor E. Henceβ * W is a compact cycle, and thus the intersection product is well-defined. We have the following equalities
Hence we obtain that (
Since the b j are non-negative, by Kleiman ampleness criterion we obtain b j = 0 for all j such thatβ(F j ) is not collapsed to a point. But this means that the map β has no indeterminacy, which is a contradiction.
Lemma 2.6. For every i ∈ S m , X l m,i is a smooth complex variety of dimension d(l + 1) − k i ν i − 1, and it has the same homotopy type asẼ
Proof. We consider the induced morphisms 
where ac(y i (γ)) denotes the coefficient of the lowest order power of t in the power series y i (γ). To check that the image ofπ 0 lies indeed inẼ 
Let (z 0 , P 0 ) be a fixed point inẼ
• i ∩Ũ above P 0 , and let Ω be a small open neighborhood of (z 0 , P 0 ) inŨ. Note that the projection onto the first coordinate defines a regular invertible function onŨ , whose inverse we denote byũ. The functionũ plays the role of u 1/m i , the latter being not necessarily well-defined on U; that is,ũ satisfiesũ m i = u • p 2 . Thenỹ i :=ũy i is a local equation forẼ 
Theorem 2.7. Let f : X → C be a non-invertible regular function on a smooth complex algebraic variety X of dimension d, Σ a non-empty closed subset of f −1 (0), m > 0 an integer, and h : Y → X an m-separating log resolution of (f, Σ). For all l ≫ 0, there is a cohomological spectral sequence By the smoothness of X Proof of Proposition 1.5. We prove that for every q, there is at most one non-zero term among E p,q 1 , and respectively among
be the blowup at the origin. Let E 0 be the exceptional divisor. Let D = f −1 (0), and letD be the strict transform of D. Theñ
Moreover, since f m is a homogeneous polynomial, the closed subset F = {f m = 1} of C d is the Milnor fiber of f m . The associated map
m (0) to the complement of the zero locus in the projective space of f m , sending a point to the line connecting it to the origin, displays F as the cyclic coverẼ
Let h : Y → X be an m-separating log resolution of (f, Σ) factoring through Y 0 , with Σ consisting of the origin only. Abusing slightly the notation, we denote by E 0 the strict transform of E 0 . Then the multiplicity of every exceptional divisor E i in E = h −1 (0) is > m, and it is equal to m only if i = 0. Therefore the index set
One obtains thus for every q that
by Theorem 1.1, and
by (1.1). The claim now follows. Lemma 2.8. Let X be a smooth complex algebraic variety of dimension d, f a non-invertible regular function on X, Σ a non-empty closed subset of f −1 (0), and m > 0 an integer. There exist m-separating log resolutions of (f, Σ).
Proof. Let h : Y → X be a log resolution of (f, Σ) and let E = (f • h) −1 (0) = i∈S m i E i be the pull-back of the divisor f −1 (0) with E i the irreducible components of E. For I ⊂ S, let E I = ∩ i∈I E i .
Let ∆ be the dual complex of the simple normal crossings divisor E, whose vertices are labelled by S and for every irreducible component of an E I with I ⊂ S one attaches a (|I| − 1)-dimensional cell. Each vertex i ∈ S of ∆ comes with the associated multiplicity m i . For a cell σ of ∆, the multiplicity is defined m σ as the sum of the multiplicities of its vertices. Define . Repeating this process, we have achieve after finitely many steps that M(∆ ′ ) > m.
